Abstract. Asian options are path-dependent option contracts which payoff depends on the average value of the asset price over some period of time. We focus on pricing of Asian options on two assets. The model for pricing these options is represented by a parabolic equation with time variable and three state variables, but using substitution it can be reduced to the equation with only two state variables. For time discretization we use the θ-scheme. We propose a wavelet basis that is adapted to boundary conditions and use an adaptive scheme with this basis for discretization on the given time level. The main advantage of this scheme is small number of degrees of freedom. We present numerical experiments for the Asian put option with floating strike and compare the results for the proposed adaptive method and the Galerkin method.
INTRODUCTION
Our aim is to develop and implement robust and efficient numerical methods for solving option pricing problem. We have already proposed and implemented a wavelet method for option pricing in our previous papers [1, 2, 3, 4] . We used the Black-Scholes model and tested the performance of the wavelet method with respect to the choice of a wavelet basis, compared an isotropic and an anisotropic approach, studied the convergence rate of the method and proposed a construction of a wavelet basis such that the Black-Scholes operator represented in this basis is sparse. Then we applied adaptive wavelet method on more general Heston stochastic volatility model for calculating the price of options.
In this paper, we focus on Asian options. Recall that a put option gives its holder the right, but not the obligation, to sell a group of underlying assets at a speciffic price on a certain date. Similarly, a call option gives its holder the right, but not the obligation, to buy a group of underlying assets at a speciffic price on a certain date. In the case of Asian options the payoff is determined by the average value of the asset prices over the prescribed period of time. We focus on two-asset Asian options with floating strike, i.e. the strike is not fixed but is determined by continuous arithmetic average of the price of the basket of two underlying assets over the prescribed period of time.
Wavelet methods have been already succesfully used for solving option pricing problems, see e.g. [5, 6, 7, 8, 9] , but up to our knowledge the method based on wavelets has not been implemented yet for pricing of multi-asset Asian options. In our previous papers we used an adaptive wavelet method that is a modification of the method from [10] . In this paper, we use a different approach that is simpler and was more efficient in our numerical experiments. The quantitative properties of any wavelet method crucially depend on the choice of a wavelet basis. Therefore, a construction of an appropriate wavelet basis is still an issue [3, 11, 12, 13] . In this paper, we adapt a linear spline wavelet basis with two vanishing moments from [14, 15] to the rectangle and boundary conditions representing the model and use it in the scheme. The main advantage of the scheme is the small number of parameters representing the solution. We present numerical experiments for the Asian put option with real market data, compare the results for the proposed adaptive method and the Galerkin method with the same wavelet basis, and study the convergence rate of the method.
ASIAN OPTIONS WITH FLOATING STRIKE
Let S 1 > 0 and S 2 > 0 represent prices of the assets, α 1 and α 2 are weights that sum up to 1, t represents time to maturity, and [0, T ] is the prescribed period. Then the continuous arithmetic average
represents the floating strike of the option. We assume that the asset prices S 1 and S 2 follow the geometric Brownian motion and that the risk-free interest rate r and the asset volatilities σ 1 and σ 2 are constants. Let ρ be the correlation factor between asset prices and let V (S 1 , S 2 , A, t) denote the value of the Asian option with the floating-strike A at time to maturity t, if the prices of the underlying assets are S 1 and S 2 . Based on the ideas from [16, 17] it was derived in [18] that V (S 1 , S 2 , A, t) can be computed as the solution of the equation:
where the operator L is given by
The initial conditions are given by
We define
and substitute it into (2). We obtain [18] :
with
The initial conditions (4) are transformed into . We denote the parts of the boundary of the domain Ω by
and set boundary conditions as
In the case of a put option we have do-nothing boundary condition on Γ 1 , for details see [18] . Due to (10) the solution U belongs to the space V = v ∈ H 1 (Ω) : v = 0 on Γ 2 , where H 1 (Ω) denotes the Sobolev space. In the following, we present the discretization for a put option, the approach for a call option is similar.
030001-2

SEMIDISCRETIZATION IN TIME AND VARIATIONAL FORMULATION
For discretization in time we use the θ-scheme. Let M ∈ N, τ = T/M, t l = lτ, l = 0, . . . , M, and denote U l (x 1 , x 2 ) = U (x 1 , x 2 , t l ). The θ-scheme has the form:
where θ ∈ [0, 1] and l = 0, . . . , M − 1. The choice θ = 1 corresponds to the backward Euler scheme and the choice θ = 0.5 corresponds to the Crank-Nicolson scheme. We denote the standard L 2 -inner product by (·, ·) and define a bilinear form
The weak formulation of (11) has the form: Find U l+1 ∈ V such that
LINEAR SPLINE WAVELET BASIS
We briefly review a concept of a wavelet basis, for more details one can see e.g. [19] . Let us consider a separable Hilbert space H with the norm · H . Let J be an index set such that each index λ ∈ J takes the form λ = ( j, k) and |λ| := j denotes a scale or a level and k represents a spatial location.
Definition 1.
A family Ψ = {ψ λ , λ ∈ J} is called a wavelet basis of the space H if it satisfies the following conditions:
i) Ψ is a Riesz basis for H, i.e. the closure of the span of Ψ is H and there exist constants c, C
ii) The functions are local in the sense that diam supp ψ λ ≤ C2 −|λ| for all λ ∈ J, and at a given level j the supports of only finitely many wavelets overlap at any point x. iii) There exist J 2 ⊂ J and L ≥ 1 such that wavelets have L vanishing moments, i.e.
for all polynomials p up to a degree L − 1.
Wavelet basis Ψ has typically a hierarchical structure
The functions φ j,k from Φ j are called scaling functions and the functions ψ j,k from Ψ j are called wavelets on the level j. Wavelets ψ j,k in the inner part of the interval are typically translations and dilations of a function ψ also called wavelet, i.e.
and functions near the boundary are derived from functions called boundary wavelets constructed such that they satisfy the boundary conditions. First, we construct a wavelet basis for the spaces V 1 = v ∈ L 2 (0, 1) : v (1) = 0 using the similar approach as in [14, 15] . We define scaling functions as linear B-splines. Let φ and φ b be defined by:
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For j ≥ 2 and x ∈ [0, 1] we set
and
We define a wavelet ψ and a boundary wavelets ψ b1 and ψ b2 as
, and these wavelets have two vanishing moments. For j ≥ 2 and x ∈ [0, 1] we define
The graphs of scaling functions and wavelets on the level j = 2 are displayed in Figure 1 . Then the set
is a wavelet basis of the space V 1 equipped with the L 2 -norm, see Proof of Theorem 1. Now, using a simple linear transformation and the tensor product, we obtain a wavelet basis of the space V. For
and similarly for
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Finally, we define [14] . Since for i = 1, 2 we have
Theorem 2. The set Ψ defined by (26) is a wavelet basis of the spacê
the set
is a wavelet basis of the space
equipped with the L 2 -norm. It is known [20] that the tensor product of Riesz bases of the spaces V and W is a Riesz basis of the space V ⊗ W and therefore Ψ = Ψ x1 ⊗ Ψ x2 is a Riesz basis of the spaceV. The fact that Ψ, when normalized with respect to the H 1 -norm, is a wavelet basis for the space V equipped with the H 1 -norm is a consequence of the smoothness of basis functions and vanishing moments, see e.g. [19] .
The graphs of three wavelets on the level j = 2 are displayed in Figure 2 . 
ADAPTIVE WAVELET SCHEME
We use an adaptive wavelet method for discretization with respect to the variables x 1 and x 2 . In our previous papers we used an adaptive method that was a modification of the method from [10] . In this paper, we use a simpler approach, because it was more efficient in our numerical experiments.
First, we derive a variational formulation but instead of turning to a finite-dimensional approximation, using the suitable wavelet basis the continuous problem is transformed into an infinite-dimensional l 2 -problem. Let Ψ =
We compute the estimate of r i numerically. If e i N j is a computed error for N j functions, j = 1, 2, then the approximate order of convergence is
It is well known that e i ≈ C 1 h 2 ≈ C 3 N −1 for linear approximation under the assumption that the approximated function is smooth enough. Thus the optimal rate of convergence is r i = 2 for i = 2, ∞.
Example 3.
We solve the same option pricing problem as in [18] . We consider an Asian put option written on exchange rates of EUR and USD, both with respect to GBP. We assume that basket contains 60% EUR and 40% USD, i.e. 
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CONCLUSION
We extended our research to pricing Asian options with floating strike on a basket of two assests. We constructed a piecewise linear wavelet basis with two vanishing moments on the rectangle that is adapted to the prescribed boundary conditions. We proposed and implemented an adaptive wavelet method with this basis for a numerical solution of the partial differential equation representing the model. We presented numerical example for the Asian put option and compared the results with the wavelet Galerkin method. The main advantage of the proposed method is a small number of parameters representing the solution with desired accuracy. Moreover, in numerical experiments the optimal convergence rate with respect to the L 2 -norm was achieved for the proposed adaptive wavelet method.
